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Abstract 

We study rational points on a smooth variety X over a complete local 
field K with algebraically closed residue field, and models X of X with 
tame quotient singularities. If X is the quotient of a Galois action on a 
weak Neron model of the base change of X to a tame Galois extension of 
K, then we construct a canonical weak Neron model of X with a map to 
X, and examine its special fiber. As an application we get examples of 
singular models X such that there are if-rational points of X specializing 
to a singular point of X. Moreover we obtain formulas for the motivic 
Serre invariant and the rational volume, and the existence of A'-rational 
points on certain A'-varieties with potential good reduction. 



1 Introduction 

In this article we study smooth and proper varieties over a complete local field 
K with algebraically closed residue field k with regard to the existence of ir- 
rational points. 

A standard way to detect rational points of varieties over complete local fields is 
to look at models. A model of a i^-variety X is an integral, fiat scheme X over 
the ring of integers Ok such that the generic fiber of X is isomorphic to X. There 
is a natural map X{Ok) ^(K), and a specialization map X(Ok) — > ■^fc(fc), 
where Xk d X \s the special fiber. If A" is a proper Oif-scheme, then the natural 
map X{Ok) ^{K) is a bijection. As Ok is Henselian, the specialization map 
is surjective whenever X is smooth over S :— Spec(C'if ). 

If X is regular, then every Oi^-point of X factors through the smooth locus of 
X over .S", see |BLR901 Chapter 3.1, Proposition 2]. Hence if a JiT-variety X has 
a regular and proper model X ^ S, then X has a JiT-rational point if and only 
if the special fiber of the smooth locus of X over S is not empty. But if X is 
not regular, then there may exist O^f-points intersecting the singular locus of 
X over 5", see Example 14.61 

The existence of weak Neron models plays an important role in the study of 
rational points. A weak Neron model of a smooth ii'-variety X is a smooth and 
separated model Z of X, such that the natural map from Z{Ok) to X{K) is 
a bijection. Hence if X admits a weak Neron model, then X has a X-rational 
point if and only if the special fiber of this weak Neron model is not empty. It 
is known that every smooth and proper /^-variety has a weak Neron model, see 
|BLR90[ Chapter 3.5, Theorem 2]. But in general a weak Neron model is not 
unique. 
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The smooth locus over S* of a regular, proper model of a smooth, proper K- 
variety X is a weak Neron model of X. There is a way to obtain a weak Neron 
model from any proper model, the so called Neron smoothening, see |BLR90[ 
Chapter 3], which is constructed by blowing up singular points having sections 
through them. But given a singular point, it is hard to decide a priori whether 
there is a section containing that point. Therefore the Neron smoothening does 
not yield a straightforward method for constructing a weak Neron model from 
an arbitrary singular model. 

In this article we consider the following situation. Let X be a if -variety, let 
L/K be a Galois extension, and let Xl he the base change oi X to L. Then 
G :— Ga\{L/K) acts on Xl such that X^/G = X. Consider a model y of 
Xl with a good G-action extending this action on X^. Then the quotient 
X := y /G is an Oif -scheme and in fact a model of X. In general X will have 
tame quotient singularities, and there can be Ox-points through the singular 
locus, see Example 12.71 and Example 14.61 

Note that interesting models of X^ with an action as required really exist and 
appear naturally. For example models of obtained from models of X by 
base change and normalization have such a G-action, and these are exactly the 
techniques used to construct a model with semistable reduction in the semistable 
reduction theorem, see |Liu02[ Chapter 10, Proposition 4.6]. Moreover, we show 
in Theorem 12 .91 that if X is a proper and smooth ii'- variety, then there is always 
a weak Neron model of Xl extending the Galois action on X^. To construct 
such a weak Neron model, we show in particular that the Neron smoothing 
as constructed in [BLRQOl Chapter 3] is compatible with actions of the Galois 
group as described above. 

As the model X obtained by taking the quotient is singular in general and has 
sections through the singular locus, neither X nor its smooth locus over S will be 
a weak Neron model of X. But there is a way to construct a weak Neron model 
of X out of a weak Neron model of Xl with a G-action extending the Galois 
action on the generic fiber. In this context we show the following theorem. 

Theorem. (Theorem 13. ip Let L/K he a tame Galois extension, let X he a 
smooth K -variety, and let X^ he the hase change of X to L. Let y he a smooth 
model of Xl with a G :— Gb1(L/ K) -action extending the Galois action on X^. 
Let X := y /G he the quotient. 

Then there is a smooth model Z of X and a separated S :~ Spec(OK)-morphism 
^ . Z ^ X, such that the induced map Z{Ok) X{Ok) is a hijection, and 
such that for all smooth, integral S-schemes V and all dominant S -morphisms 
.V X there is a unique S-morphism ^' : V ^ Z such that ^ o — . In 
particular Z is unique. 

If y is a weak Neron model of X^, then Z is a weak Neron model of X . 

In fact, Z is the fixed locus of some G-action on the Weil restriction of y to S, 
see Construction 13 . ll The construction goes back to |Edi92j . where it is used in 
the context of abelian varieties and Neron models. 

Note that the uniqueness of Z with its properties is interesting, because in 
general a weak Neron model is not unique. The theorem and its proof also yield 
an explicit description of a weak Neron model Z oi X . Having this description 
at hand, we can examine its special fiber Zk which is important for finding 
isT-rational points of X. We show the following key lemma. 
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Lemma. (Lemma 14.11) Let be the fixed locus of the G-action on y. Then 
there is a k-morphism b : Zk ~^ y'^ such that for any point y G y^ with residue 
field K{y) the inverse image of y is isomorphic to as K{y)-schemes for 

some m G N. 

To show this lemma we use the exphcit description of Z and of the G-action on 
the complete local ring of a fixed point, which is examined in Lemma 1 7. II and 
Lemma 17.31 

There are some interesting applications of the key lemma. For example we 
deduce from it that the quotient X has Ox-points if and only if y'^ ^ 0, see 
Corollary 14.41 In fact these O/f-point will pass through the image of y'^ in X, 
which in general will be singular. Hence we obtain examples of singular models 
with section through the singular locus. 

We can use the obtained results also to study certain motivic invariants, the 
motivic Serre invariant and the rational volume. The motivic Serre invariant 
S(X) of a if-variety X is defined to be the class of the special fiber of a weak 
Neron model oi X in some quotient of the Grothendieck ring of varieties, namely 
in /<'^^(Varfc)/(L — 1), see Definition 15.21 The Serre invariant is interesting in 
the context of rational points, because it vanishes if X has no i^-rational point. 
From the key lemma we deduce the following theorem. 

Theorem. fTheorem l5.2D Let X be a smooth, proper I'C -variety. Let L/K be a 
tame Galois extension, Xl the base change of X to L. Let y be a weak Neron 
model of Xl with a good G:= Gal{L/ K)- action extending the Galois action on 
Xl. Then 

S{X) = [y^] G <-(Varfc)/(L - 1). 

The rational volume s{X) of a iiT-variety X is defined to be the Euler charac- 
teristic with proper support and coefficients in Q;, I ^ char(A:) a prime, of the 
special fiber of a weak Neron model of X. The rational volume vanishes if X 
has no X-rational point, too. 

Theorem. fTheorem l5.4[) Let X be a smooth, proper K -variety, and let L/K be 
a tame Galois extension of degree (f , q a prime. Then s{X) = s{Xl) mod q. 

The proof of this theorem uses the fact that there is always a weak Neron 
model of Xl with an action of Gal(L/A') extending the Galois action on X^, 
see Theorem 12.91 as well as the equation for the Serre invariant (Theorem 15.21) . 
Moreover, we use the fact that for a scheme of finite type V over some field with 
a good action of a q-group G, we have XciV) — Xc{V'~^) mod q. This argument 
goes back to [SerOQl Section 7.2]. 

Finally, we can deduce the existence of rational points for some varieties with 
potential good reduction. By definition, a if-variety X has potential good 
reduction if there is a Galois extension L/K such that the base change of X to 
L admits a smooth and proper model. 

Corollary. fCorollarv l6.1l) Let X be a .smooth, proper K-variety with potential 
good reduction after a base change of order q^ , q ^ char(fc) a prime. If the Euler 
characteristic of X with coefficients in Qi, I ^ char(fc) a prime, does not vanish 
modulo q, then X has a K -rational point. 

To prove this corollary we use Theorem 15. 4[ and the fact that the Euler charac- 
teristic with coefficients in Qi is constant on the fibers of a smooth and proper 
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morphism. 

In addition, we obtain a similar result for the Euler characteristic with coeffi- 
cients in the structure sheaf, see Corollary 16.21 In this Corollary we need to 
assume that there is a tame Galois extension L/K oi prime degree, such that 
there is a smooth and proper model of Xl with a good G-action extending the 
Galois action on X^, because we cannot use the results concerning the motivic 
invariants. We show directly that the G-action on this smooth and proper model 
of Xl has a closed fixed point, and use Corollary 14.41 to conclude that in this 
case the model obtained by taking the quotient will have an O^f -point inducing 
a iiT-point of X. 
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Conventions 

A variety over a field F is a geometrically integral, separated F-scheme of finite 
type over F. We assume that an integral scheme is connected. All schemes are 
assumed to be noetherian. 

If J7 is a ^-scheme, Spec(F) V any point. We set Up := U Xy Spec(F). 

In the entire article, let K be a complete local field with ring of integers Ok, 
S := Spec(C'if), and residue field k. Assume that k is algebraically closed. 

2 Models with Galois Actions 

Definition 2.1. Let A be a if- variety. A model of X is an integral 5-scheme 
X of finite type over S such that Xk — X. 

Remark 2.1. Let A be a non-empty i^T- variety, and let X ^ S be any model 
of X. Then X dominates S, so by |IIar77l Chapter III, Proposition 9.7] X is 
fiat over S. 

Remark 2.2. Let (p : X ^ S he a. model of a i^- variety X. Then we have 
maps as follows induced by the universal property of the fiber product. 

X{K) XiOx) Xk{k) 

If is proper, X{Ok) ^{K) is bijective by the valuative criterion of proper- 
ness. If ip is smooth, the specialization map s is surjective by |BLR901 Chap- 
ter 2.3, Proposition 5], because Ok is Henselian. 
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Definition 2.2. Let X be a smooth if- variety. A weak Neron model of X 
is a smooth and separated model X S oi X, such that the natural map 
X{Ok) X{K) is a bijection. 

Remark 2.3. Let X be a smooth X-variety attached with a weak Neron model 
X ^ S. Then X{K) = if and only if the special fiber Xk oi X ^ S in 
empty. This is true, because by definition the natural map X{Ok) ^{K) is 
a bijection, the specializing map X{Ok) — > Xk[k) is surjective by Remark [2?2l 
and k is algebraically closed. 

Remark 2.4. A weak Neron model does not exist for all smooth if-varieties 
X. It follows from |BLR901 Chapter 3.5, Theorem 2] that a weak Neron model 
exists if X is proper over K. 

Note that a weak Neron model is not unique. Take any weak Neron model, blow 
up a point in the special fiber, and then take the smooth locus of the obtained 
scheme. This is again a weak Neron model. 

Now fix a Galois extension L/K with Galois group G := Ga\{L / K) . Let Ol be 
the ring of integers of L, T := Spec(0i). Note that k is the residue field of L. 
For a general introduction to local fields and their Galois extensions we refer to 
[SiF79] . 

A Galois extension L/K is called tame, if the order of its Galois group is prime 
to char(A;). From |Ser79[ Chapter IV, Corollary 2 and Corollary 4] we get that 
the Galois group of a tame Galois extension L/K is always cyclic. 

We now want to consider group actions of the Galois group. Therefore, recall 
the following facts concerning group actions of an abstract finite group G. 

Let U he a scheme, Aut([/) the abstract group of automorphisms of U. A 
G-action on U is given by a group homomorphism fiu : G Aut(t/). If 
U = Spec(A) is affine, then a group action on U is also given by a group 
homomorphism : G ^ Aut(A). 

Let U, V be schemes with G-actions. We call a morphism of schemes f : U ^ V 
G-equivariant, if for all 5 G G we have / o fiuig) = fJ-vig) ° /■ 

A G-action on a scheme U is called good, if every orbit is contained in an affine 
open subscheme of U. By jGro63[ Expose V, Proposition 1.8] this is the same 
as requiring a cover of U by affine, open, G-invariant subschemes. 
If [/ is a scheme with a good G-action. Then there exists a quotient tt : U U/G 
in the category of schemes, see |Gro63[ Expose V.l]. 

Remark 2.5. By definition of the Galois group, G acts on L, and K — L^. 
The G-action of L can be restricted to Ol, and = Ok- We call this action 
the Galois action on Ol- Note that Spec(L) ^ T is G-equivariant for these 
actions. Let X be a if -variety. As X is fiat over K, by |Gro63l Expose V, 
Proposition 1.9], G acts on Xl such that Xl Spec(i) is G-invariant and 
Xl/G = X. We call this action the Galois action on Xl- 

Remark 2.6. Let X be a iiT-variety. Let (p : y ^ T he a. model of Xl with a 
good G-action. Assume that Xl ^ 3^ is G-equivariant for the action on 3^ and 
the Galois action on Xl, i.e. the G-action on y extends the Galois action on 
XL- 
Take any h ^ G, and let g e Aut(3^) and gr G Aut(T) be its images. As the 
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maps Xl ^ Xl Spec(i), and Spec(27) ^ T are Gal(L/ii')-equivariant, 
we obtain that gr ° ^ ° \xl= V \xl- As Xl C 3^ is open and dense, y is 
reduced, and T is separated, jGWlOi Corollary 9.9] implies that gTotfog~^ = cp^ 
i.e. (fi is G-equivariant. 

Let TT : y ^ X := y /G he the quotient. Using that the maps in the square 
on the left hand side are G-equivariant, we get the following big commutative 
diagram. 




Spec(L) 



Note that X is an S'-scheme of finite type by |Gro63[ Expose V, Proposition 1.5]. 
As A" is a quotient by a finite group of the integral scheme y, it is integral, too. 
As Spec(L) ^ T is fiat, by |Gro63l Expose V, Proposition 1.9] we obtain 

Xk = y/G xs Spec(i^) ^yxs SpeciK)/G = Xl/G = X. 

Hence X S is a. model of X. 

In general the quotient X will be singular. To see this, look at the following 
example. 

Example 2.7. Let k be an algebraically closed field with char(fc) 7^ 2. Set 
K:= fc((s)), L:= k{{t)) with = s. Hence L/K is a. tame Galois extension with 
Galois group G = Z/2Z. The Galois action on k{{t)) is given by 



Look at the smooth Ol = fc|t] -scheme A^,pj = Spec 
given by 



aK ■■ fc((t)) ^ Pit) ^ P{-t). 

[x]) with the G-action 

a : kltj[x] -> klt][x]; P{t,x) P{-t,~x). 
This action is compatible with the Galois action on the generic fiber 

Km = Spec(fc((i))[a;]) = Spec(/c((s))[a;t] ®k((s)) Hit))) = A]^ Xspcc(x) Spec(i). 
The kltf^kl^j = fc|sl = OK-scheme 

Alpj /G = Spec(/c|<] [xf) = Spec(fc[t2] [tx, x^]) ^ Spec(/c[s] [6, c]/(sc - b')) 
is singular in (0,0,0). 

Remark 2.8. In order to get a projective example, replace A^j^j in Example 12. 71 
by Pj,jjj and consider the G-action on it given by 5 G Aut(P^jjj) such that 
g{t, [xq : xi]) = {-t, [-XQ : xi]). 

For a given i^- variety X and a Galois extension L/K, there exist interesting 
models of X^ with a good action of the Galois group as in Remark 1 2. 6 1 In this 
context we can show the following theorem. 
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Theorem 2.9. Let L/K be a Galois extension with Galois group G := Gal{L / K) , 
and let Ol be the ring of integers of L, T :— Spec(C'i). Then for a given smooth 
and proper K -variety X , there exists a weak Neron model (p : y ^ T of and 
a good G-action on y extending the Galois action on X^. 

Proof. In order to proof this theorem, we need to reeah how a weak Neron model 
is constructed. The main tool of showing that weak Neron models actually exist 
is the so called Neron smoothening. 

Definition 2.3. Let X be a smooth iiT-variety, and let A" — > S* be a model of 
X. A Neron smoothening of A" is a proper iS-morphism f : X' X such that 
/ is an isomorphism on the generic fibers, and such that the canonical map 
Sm(A"/5)(5) X'{S) is bijective. Here Sm(A'75) is the smooth locus of X' 
over S. 

In order to proof Theorem 12.91 we need the following Lemma. 

Lemma 2.10. Let Y be a smooth L-variety, let y T be a model ofY with a 
good G-action, and assume that the structure map if : y ^ T is G-equivariant 
for this action and the Galois action on T. Then there exists a projective 
Neron smoothening f : y' ^ y , and a good G-action on y' such that f is 
G-equivariant. 

Proof. By |BLR90[ Chapter 3.1, Theorem 3] there exists a projective Neron 
smoothening f '. y' ^ y , which consists of a finite sequence of blowups with 
centers in the special fibers. We need to construct a G-action on y' such that 
/ is G-equivariant. 

Note that if we blow up an integral scheme U with a good G-action in a closed 
G-invariant subscheme V C U , and denote by u : J7' — > ?7 the blowup, then 
there is a G-action on U' such that u is G-equivariant. The reason for this is 
the following. Let /i G G be any element, gu G Aut([/) its image. As V is 
G-invariant, gu{y) — V. So by the universal property of blowup, see |Har77l 
Chapter II, Corollary 7.15], there exists a unique gw G Aut(C/') such that 
u o giji — gu o u. This way we can define the required group action on [/', and 
u is G-equivariant by construction. 

Consider /, which is a sequence of blowups, i. e. we have 

y =: 3^,n — . . . — yi — Jo := y. 



f 

Here the fi are blowups of some closed subschemes Vi cyi. One checks in the 
proof of |BLR90I Chapter 3.4, Theorem 2] that all the Vi are obtained using 
the same construction. Hence if we show that V := C 3^ is G-invariant, 
then we obtain a G-action on J^i such that /o is G-equivariant, hence o /q is 
G-equivariant, and we can conclude inductively on the length of the sequence 
of blowups. 

One can check in |BLR901 Chapter 3.4, Theorem 2] that V is constructed as 
follows. Let E C 3^(Ol) be the subset of aU a G not factoring through 

Sm(:y/T), with Sm(3^/T) the smooth locus of y over T. Set := E. Let 
s : y{OL) — !• yk{k) be the specialization map, and the Zariski closure of 
s(F*) in 3^, and let C/' C be the largest open subset, such that W is smooth 
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over k, and that fty^rplyi is locally free over ^7^ Set i?' {a G | s(a) E U^}, 
and := F'\E\ Note that there is a minimal t G N such that = 0. 

Set v = y*. 

The action of G on 3^ induces a G-action on 3^(C'l), and, as ip is G-equi variant, 
and hence 3^fc C 3^ is G-invariant, a G-action on yk{k). Note that s is G- 
equivariant. We now show by induction that is G-invariant for all i. 
Take any h E G, let g be its image in Aut(y), its image in Aut(T). Note 
that 

V\g{Srn{y/T))^ gT ° f ° 5~\(Sm(J'/T)) = 9T O 9'lsm(:^'/T) Og~"^|g(Sm(3^/T)) • 

The second equation holds, because maps 5(Sm(3^/r)) to Sm(3^/r). Hence 
if \g(Sm{y /T)) is smooth, because it is the composition of smooth morphisms. 
This implies that Sm{y /T) is G-invariant, hence i? = i^^ is G-invariant. So we 
may assume that is G-invariant for some i. 

Consider Zi := r\heGh{V^) C V^. By construction, Zi is closed in y and G- 
invariant. As F^ is G-invariant by assumption, s{F^) C Vi is G-invariant, and 
hence s{F') C h{V') for aU h e G, i.e. s{F') C Z,. So by definition of the 
Zariski closure, — Zi, hence in particular is G-invariant. 
Let Sm(V^O be the smooth locus of V over k. Note that W ^ Sm{V') H W\ 
with C V"^ the largest open subset over which ^yjrp \yi is locally free. 
As the G-action is given by isomorphisms, regular points are mapped to 
regular points, hence Sm(F*) is G-invariant. Now we examine . Consider 
the following commutative diagram. 

" " 
lP*{Vl}j.) ^ ^ ^ 

The rows of this diagram are exact by |Har77[ Chapter II, Proposition 8.11], 
and the fact that g is fiat. The fact that g is an automorphism of y implies that 
the map g*{^y) — )■ is an isomorphism. By assumption, Lp is G-equi variant, 
i. e. goif = (fogrp, and hence we obtain that g*{Lp*{n}p)) — (p*{g^{il}p)). As gr is 
an automorphism of T, g* {(p* {fl}p)) — > ip*{Q}p) is an isomorphism, too. So con- 
sidering diagram above, we get that g*{Q,y^rp) — ^y^rp is an isomorphism. As 

is G-invariant, g*{ny^rp)\Yi^ Q,y^rp\vi is an isomorphism, too. Altogether 
we obtain 

^y/rlv'nw'— 9* i^y /T)\v^nw^— 9* {^y/rlv'tig-^iW'))- 

As the first is locally free by definition of W^, 5*(fi^/7^|ying-i(M'»)) is locally 
free, too. As g is an automorphism of y, fty/rp |ying-i(w») is locally free. 
Hence by definition of W^, g~^{W^) C W^, i.e. is G-invariant. Hence 
W = Sm(V^*) n W is G-invariant, too. 

Choose any a € E^. Then g{a) G F', because F* is G-invariant. Additionally, 
s{g{a)) = g{s{a)) G C/\ because C/* is G-invariant and s is G-equi variant. Al- 
together g{a) G F*, i.e. F' is G-invariant. Hence F*+^ is G-invariant, because 
both F* and F* are G-invariant. So it follows by induction that for all i, F* is 
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G- invariant, in particular is G-invariant. Using the same argument as in the 
induction, we can show that V* = V is G-invariant, and this is what we wanted 
to show. 

We stih need to show that the G-action on y is good. So take any orbit in y'. 
Its image under / will be contained in an open afhne subset U C y. As / is 
projective, f~^(U) is projective over U and contains our orbit, which is finite, 
because G is finite. By [Liu021 Chapter 3, Proposition 3.36.b] there is an affine 
subset U' C f~^{U) containing every finite set of points. Hence the action on 
y is good. □ 

In |Nicl2] the following similar theorem in the context of formal schemes is 
proven: 

Theorem. Any generically smooth, flat, separated formal O^-scheme X^o, 
topologically of finite type over Ol, endowed with a good G-action compatible 
with the G-action on Ol, admits a G-equivariant Neron smoothening. 

Now we are finally ready to prove Theorem l2.9l So let X be a smooth, proper K- 
variety. In particular X is a separated iS-scheme of finite type, hence by Nagata's 
embedding Theorem, see [GWlOi Theorem 12.70], there exists a proper, integral 
S'-scheme X and an immersion X ^ X over S which is schematically dense. 
As X is proper over K, Xk is in fact isomorphic to X. Altogether, X ^ S \s a. 
proper model of X . 

Set Xt ■■= X XsT, and let $ : ^ T be the projection to T. Note that 
$ is proper, because this property is stable under base change. We have 
Xt Xt Spcc(i) = X Xs Spec{K) Xspcc{K) Spec(L) — Xl- By Remark \m 

X is flat over S, therefore Xt is flat over T. Hence there cannot be a connected 
component of Xt only supported on the special fiber. But the generic fiber X^ 
of Xt is connected, hence Xt is connected. Therefore, we can check that Xt 
is integral locally. We may assume that Xt = Spec(A) is affine. Note that 

XI = Spec(A ®OlL) integral, because it is the base change of the variety 
X, which is assumed to be geometrically integral. Take any a, & G A such that 
ah = {). Look at (a (X) 1)(5 (8) 1) = (a6 eg) 1) G A (giOj^ i. As A (8)0^^ L is integral, 
a®l=0or&(8)l = 0. Without loss of generality, let a (8) 1 = 0. Then there is 
an e N such that at^ = 0, with t the image of the uniformizer in Ol- Now 
Xt is flat over T, which implies that t is not a zero divisor, hence a = 0. So 
there is no zero divisor in A, i.e. Xt is integral. Altogether, $ : Xt — ?> T is a 
proper model of X. 

As A' — >• 5* is flat, by |Gro63l Expose V, Proposition 1.9] there exists a good 
G-action on Xt such that $ is G-equivariant, and Xt/G = X. This G-action 
extends the Galois action on Xl by construction. 

By Lemma [2.101 there exists a projective Neron smoothening f : y' ^ Xt, and 
a good G-action on y' such that / is G-equivariant. Let ^ C 3^' be the smooth 
locus of $ o /. Set ip $ o / \y. Note that ip is separated, because $ o / is 
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proper and y is open in y' . We have the fohowing commutative diagram. 



y^ — - y 




T 



Note that Xl is smooth, because this property is stable under base change. 
As / is a Neron smoothening, y'^ = Xt Xr Spec(L) — X^. Hence y'j^ is in 
particular smooth over T, so = = Xl- As Xt is integral, y' and y are 
integral, too. Hence (/? : 3^ — ?> T is a smooth and separated model of X^. As 
$ and / are proper, by the valuative criterion of properness the natural map 
y'iOL) Xl{L) is a bijection. As / is a Neron smoothing, y'{OL) ^ 3^(Cl). 
So (f : y ^ T is a. weak Neron model of X^. 

We still need to show that there is a good G-action on y extending the Galois 
action on X^. As / is G- invariant for the G-action on y' and Xt, the G-action 
y extends the Galois action on Xl- So it suffices to show that this G-action 
restricts to y, i.e. that y C y' is G-invariant. To show this, we can simply use 
the proof in the base case of the induction in Lemma r2.10l Note that the action 
is good for the following reason. Take any orbit in y. As the action on y' is 
good, it is contained an open affine subset U C y' . So it is contained in U Ciy, 
which is open in U. So by |Liu02[ Chapter 3, Proposition 3.36.b] there is an 
affine subset U' C U O y containing our finite orbit. □ 

In [EN11[ Proposition 4.5] the following similar statement is proven. 

Proposition. Let G be any finite group, X a smooth and proper K -variety, 
endowed with a good G-action. Then there is a weak Neron model X ^ S of X 
endowed with a good G-action, such that X ^ X is G-equivariant. 

3 A Canonical Weak Neron Model of a Quotient 
Scheme 

Theorem 3.1. Let L/K he a tame Galois extension, G :~ Ga\{L/K). Let Ol 
he the ring of integers of L, T :— Spec(C'L)- Let X he a smooth K-variety, and 
let ip : y ^ T he a smooth model of Xl with a good G-action extending the 
Galois action on X^. Let X :—y/G he the quotient. 

Then there is a smooth model Z S of X and an separated S -morphism 
(j) : Z ^ X , such that the induced map Z{S) — > '^{S) is a bijection, and 
.such that for all smooth integral S-schemes V and all dominant S -morphisms 
^ . V ^ X there is a unique S-morphism : V ^ Z making the following 
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diagram commutative. 

V 




In particular Z is unique with this property up to a unique isomorphism. 
Ify^T is a weak Neron model of X^, then Z ^ S is a weak Neron model of 
X. 

Proof. The proof consists of six steps. First we will give the construction of 
Z as a functor of schemes, then we construct $ as a morphism of functor. 
In the third step we will show that Z is represented by a smooth S'-scheme. 
Thereafter we show the properties of $, namely that it is separated and that 
the map Z{S) — >■ X(S) induced by $ is an isomorphism. Afterwards we show 
the universal property. In the final step we consider the case that [V is a weak 
Neron model of X^. 

Construction of Z. We now construct Z. The construction can be found in 
[Edi92| ■ where it is used in the context of abelian varieties. 

Definition 3.1. The Weil restriction of a T-scheme U to S is defined as the 
functor 

ResT/siU) : (Sch/S) (Sets) 

W^RoinTiW xsT,U). 

Definition 3.2. Let V be an S'-scheme with a G- action, such that the structure 
map is G-equivariant for this action and the trivial action on S. We define the 
functor of fixed points by 

: (Sch /S) (Sets) 
W ^ V{W)'^ = Hom5(I^, V)^. 

By |Edi92[ Proposition 3.1] this functor is represented by a subscheme of V. We 
call this scheme the fixed locus of the G-action on V. 

Note that G is a finite cyclic group, because L/K is a tame Galois extension. 
Therefore every G-action is given by one automorphism. 

Construction 3.1. |Edi92l Construction 2.4 and Theorem 4.2] 
Fix a generator of G, and let g G Aut(3^) and gT S Aut(r) be its images. Then 
g e Aut(Res7-/5 (>■)), which maps / e HomT(VF XsT,y) to go f o{[dw xgr)'^ 
for every W G (Sch/S*), defines a G-action on Res7-/5(3^). It is easy to see 
that g is an S- morphism. Therefore the structure map Resy/5(3^) — >■ S* is G- 
equivariant for the G-action on Resx/5(y) and the trivial G-action on S. Define 

Z : (Sch/S) (Sets) 

W ^ {ResT/s{y)f{W) ^HomriW XsT,yf. 
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Note that HomT(VF XsT,y)^ is the set of G-equivariant T-morphisms from 
W XsT to y. 

Construction of $. View X and Z as functors from the category of flat 
5-schemes to the category of sets. We now construct a morphism of functors 
$ : Z — > A". As soon as we will have shown that Z is in fact representable by a 
flat ^-scheme, this wiU yield an S'-morphism of schemes by Yoneda's lemma for 
the category of flat ^-schemes. 

We need to construct maps ^{W) : Z{W) = HomT(P^ T, y)^ X{W) for 
all flat W £ {Sch/S), and show that they are functorial. Take any / £ Z{W). 
Let TT : y ^ X he the quotient map. We have the following commutative 
diagram. 



y 




w- 



AsW S is flat, |Gro63[ Expose V, Proposition 1.9] implies that the projection 
map Pw ■ W Xs T ^ W is the quotient of the G-action on W Xs T given by 
idw xgr- As f = g o f o {idw X5t)~^, and tt is G-equivariant for the G-action 
on y and the trivial action on X, we get (tt o /) o (id^^ xgr) = 7rogo/ = 7ro/. 
Hence tto/ is G-equivariant for the G-action on x 5T and the trivial action on 
X, and therefore, by the universal property of the quotient pw :WxsT^W 
we obtain a unique /' G X{W) making the diagram above commutative. We 
set ^W)if):^f. 

One still needs to check functoriality. So take any flat scheme W' £ (Sch /S), 
and any a £ Homs(M^', W). For / £ Z{W) we have {X{a)o<^{W)){f) = f'oa, 
f as constructed above, and Z(a)(/) = / o (a x idr). We have the following 
commutative diagram. 




W ^ W ^ S 



Note that 0(M^')(Z(a)(/)) is the unique morphism with 

4>{W'){Z{a){j))opw.^Z{oc){f)oT,. 

At the same time, /' o aopw — Z{a){f) o tt, hence {(j){W') o Z(a))(/) is equal 
to {X{a) o $(W^))(/), which yields functoriality. 

View Xk = X as a preasheaf on the category of K — schemes. We now construct 
an inverse map of functors $ \zk~^ '■ X Zk C Z. Take any W £ (Sch / K). 
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Note that W XsT ^Wl, hence 

Zk{W) = HomriW xsT,yf = HomriWL^yf = HomL{WL,XLf. 

Take any h G X{W), and consider the following diagram with pL and pw the 
projection maps. 




Spec(L) ^ Spec(ii:) 

As /i is a if-morphism, the diagram commutes, and hence the universal property 
of fiber product induces a unique h* € HomL(W^L, -^^l) with tt o h* = h o p-^^. 
Set gL '■— gr |spcc(L)- Note that the following equations hold. 

■K o [g oh* o (idvK xgi^)^^) — n o h* o {idw xgL)^^ 

= h opiY o (idi^' xgL}^^ = h opiY 
(fo {goh* o {idw 'X-ghY^) ^ gL°V°h* o (idw xgL^^ 

= gL°PL° (idw XgL^^ = PL 

Ash* is unique solving this equations, h* — goh*o{[dw xgL)^] i-e. h* e Zk{W). 
Set '^\zk~'^ '■— h* . It is straightforward to check functoriality ant the 
fact that '^\zk^^ o $|za= id^A-^ and $ o <I>|2^."^ = id^. 

Representability of Z. Now we are ready to show that Z is actually rep- 
resented by an ^-scheme. Unfortunately we cannot show that ResT/s(3^) is 
representable using |BLR901 Chapter 7.6, Theorem 4], because as y does not 
need to be quasi-projective, we cannot show that every finite set of points in 
y is contained in an afhne subset of y. Therefore we show directly that Z is 
representable by using methods from the proof of [BLRQOi Chapter 7.6, Theo- 
rem 4]. 

Note that if ?7 C 3^ is open and G-invariant, then ResT/s(t^)'^ is well defined, 
and there is a natural map of functors KesT/s{U)'^ Resj-/5(3^)*^, because 
HomT(W^ XsT,U)'^(W) is a subset of HomT(M^ XsT,y)^(W). By |BLR90I 
Chapter 7.6, Proposition 2] the morphism of functors ResT/s(C^) — > Resj'/5(3^) 
is an open immersion. Using that 

ResT/siUf = ResT/s{yf x ResT/s{U) 

and that being an open immersion is stable under base change, we get that 
ResT/s{U)'^ — i> ResT/s{y)'^ is an open immersion. 

Let UUi = 3^ be a cover of y by affine, G-invariant open subsets, which exists, 
because the G-action on y is good. Consider any Ui. As T — > 5* is finite and flat, 
and Ui is affine, by |BLR90I Chapter 7.6, Theorem 4], Resx /si.Ui) is represented 
by a scheme, and by |Edi92[ Proposition 3.1], (ResT/s(C^i))*^ is represented by 
a subscheme of Rbst / s {Ui) ■ As ResT/5(3^L)'^ ^ X as functors, Reaj^/s{yL)'^ is 
representable by the scheme X. 
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If U,V C y are two open, G-invariant subsets, then U CiV C y is also an open, 
G-invariant subset, and the open immersions Resx/siU n V)'^ Resx/siU)''^ 
and ResT/s{U n V)'-^ — ^ Resx/ s{U)'~^ define a gluing data for ResT/s{U)'~^ and 
ResT/s{V)'~^ ■ On computes that in fact 

(1) ResT/siUf xz ResT/s(l^)^ = ^esr/siU n Vf. 

Let S be the scheme constructed by gluing X and the ResT/s{Ui)^ as explained 
above. We get a map i : S ^ Z, because the gluing data is compatible with the 
open immersions X ^ Z and ResT/s{Ui)'~^ Z. As z \x and the i |Rosr/s((7i)G 
are open immersion, and equation ([T]) holds pairwise for X and the Res5/7^(L'i)'^, 
i is an open immersion. 

We now want to show that i is an equivalence of functor. Considering the last 
paragraph of the proof of [BLR901 Chapter 7.6, Theorem 4] it suffices to show 
the following. For every field F with a map Spec(F) — )■ S every T-morphism 
/ : Spec(F) X5 T — factors either through or through one of the Ui. If 
F lies over K, f will factor through X^. If F lies over k, /(Spec(F) xg T) will 
only be a point topologically, so / will factor through every open neighborhood 
of that point. As the Ui cover y, there is a Ui through which a factors. 
Altogether i is an equivalence of functors, and therefore Z is represented by the 
S'-scheme S. 

Now we show that Z is a smooth S'-scheme. Note that it suffices to check 
smoothness locally. By construction of the scheme representing Z, every point 
in Z lies either in X = Zk, or in ResT/s{Ui)^ for some i. By assumption X is 
smooth over S. Moreover y is smooth over T, i.e. in particular the Ui C y are 
smooth over T. Hence by [BLR90[ Chapter 7.6, Proposition 3], the ResT/s(J7») 
are smooth over S. So by jEdi921 Proposition 3.4] the Rost / s {Ui)'~^ are smooth 
over S. Altogether Z is smooth over S. 

We have seen that X = Zk, and X is integral by assumption. As Z is smooth 
over S, it is reduced, and flat over S, so there is no irreducible component only 
supported on the special fiber. Altogether Z is integral. This yields that Z ^ S 
is a smooth model of X. 

Properties of In order to show that $ is separated, take any valuation 
ring R with quotient field Q, and any two morphisms /i, /2 G Hom(Spec(i?), Z) 
such that /i |spcc(Q)= /2 |spec(Q), and * o /i = $ o /a. Let a; G A" be the 
image of the closed point of R. As i? is a valuation ring, $0/1 = $ o /2 will 
factor through every open neighborhood of x, so we may assume that it factors 
through Spec(J7p) C X for some G-equivariant affine subset Ui C y. Hence the 
/; factor through $-HSpe c([/f )) ^ Ress/T{Ui)^. By |BLR,9ni Chapter 7.6, 
Proposition 5] and jEdi92[ Proposition 3.1], Ress/T{Ui)^ is separated over S, 
hence /i — f2- So by the valuative criterion of separateness, $ is separated. 

Now look at Z{S) = HomT(T,3^)'^ = {cr G HomT(T,3^) ] goaogr^^ = a}. Let 
ttt ■ T —i' S he the quotient map induced by the Galois action on T. Note that 
^{S) : Z{S) XiS) maps a G Z{S) to ctg € X{S) with ctg o ttt = tt o cr. We 
need to show that this map is a bijection. Consider the following commutative 
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diagram. 




Here 7r~^{S) := y S. Let (t'q and tt' be the projection maps, and set 
ip' := if o u'q. By the universal property of the fiber product, we have a one to 
one correspondence of sections a oi ip with tt o a = ctg ° t^t, and sections a' of 
If' with tt' o ct' = ttt- Using that 3^ is a model of X^, we get 

ti'^{S)l. = 7r-i(S') XTSpec(L) = x^t- Xt Spec(L) 

= S* x/t- -'i^L = S xx X xs Spec(L) = S xg Spec(L). 

Let pi : n~^{S)L 'k~^{S) and p2 ■ ■7t^^{S)l — > Spec(L) be the projection 
maps and consider the following cartesian diagram. 




By the universal property of the fiber product, we get a unique section a of p2, 
such that ttt |spec(L) = tt' o pi o a. Note that ttt o cp' = tt', ttt is separated, 
and tt' is proper, because it is the base change of tt, which is finite as it is a 
quotient map. Therefore ip' is proper by [GWlOl Proposition 12.58]. Hence 
the valuative criterion of properness induces a unique section a' of ip' such that 
|spcc(L)= Pi°^- Note that n' oa' |spoc(L)= ttt |spec(L)- As 5 is separated, the 
valuative criterion of separateness implies that tt' o ct' = ttt- 
If there was another section ct of ip' with n' o a = ttt, then a |spcc(L) would 
be a section of p2, and tt' o pi o a |spcc(L)= """t Ispcc(L)- But ct is unique with 
these properties, so ct |spcc(L)= d' = a' |spec(L)- As (p' is separated, ct = ct' by 
the valuative criterion of separateness. So ct' is unique with its properties, and 
therefore ct := CTq o ct' G 3^(<5) is unique with t: o a — oq o ttj^. 
We still need to show that ct G Z{S) C 3^(5*), i.e. that a = g o a o gx^^. We 
have 

ipo{goa o gr^^) = gr o {ip o a) o gx^^ = gr o gr'^ = idr- 

Because of this, g o a o gr^^ G y{S), too. Using that tt and ttt are quotient 
maps, and that tt o a — aQ o ttt, we obtain 

TTogoa = TToa = ctg o ttt = ctg o ttt o .9t ■ 
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Therefore, n o (^g o a o grp ctq o ttt- But a is the only section of ip with 

this property, hence a — g o a o gr^^, i.e. a G -2(5*). Altogether we showed that 
$(5) is bijective. 

Universal property. Now let V be a smooth, integral S'-scheme and let 
: V — > <Y be a dominant S'-morphism. Assume that there exists a : V ^ Z 
such that $ o ^I/' = ^f. As 4' is an S'-morphism, it maps Vk to X = Xk- We 
have already seen that $ | z^^- : Zk — s> X is an isomorphism with inverse map 
'i'l^A'"^- Therefore we have ^''|vk= l^jc ° *lvj< ■ As Vk is open and dense 
in V, V is reduced, and Z is separated over X, is unique on V by |GW10[ 
Corollary 9.9]. 

Now we construct 'I''. First we need to show some facts concerning y and the 
G-action on y. Consider Xt := X Xs T and the following diagram. 




Here px and px are the projection maps. Note that the diagram commutes, 
so there is a unique h with px o h ~ ip and px o h ~ tt. As px and tt are 
finite, by [GWIO. Proposition 12.11] h is finite, too. As X is flat over S, the 
G-action on T induces a G-action on Xt such that px is G-equivariant and 
Xt/G = X, see |Gro631 Expose V, Proposition 1.9]. This action is generated 
by idx X(/T € Aut{XT)- We have 

Pt o ((id^^ x<7t) ° h o g^^) — gx ° Pt ° h o g^^ = gT ° f ° g^^ ~ p, 
Px o ((id^' xgr) °ho g^^) ^px oho g^^ = n o g^^ = tt. 

As h is the unique morphism with this property, (id;i^ X9t) oho g^^ = h, i.e. h 
is G-equivariant. 

Let n : X^ Xt be the normalization. By assumption, y is integral and 
smooth over T, so in particular normal. As = A^l = '^l, h is generically an 
isomorphism, and therefore dominant. So the universal property of normaliza- 
tion induces a unique morphism s : y X^ such that no s ^ h. Note that s is 
finite, because h and n are finite, and an isomorphism on Xt C y. Altogether s 
is a finite birational morphism between integral normal schemes. That means, 
by [GWlOi Corollary 12.88] it is an isomorphism. So we may assume that h = n 
and y = X:^. 

Back to V and 5*. Consider the following cartesian diagram. 




with Vt := V X5 T = V Xx Xt, Try and p the projection maps. As V is smooth 
over S, so in particular flat, the G-action on T induces a G-action on Vt such 
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that Vt ^ T is G-equivariant and Vt/G ^ V, see |Gro631 Expose V, Proposi- 
tion 1.9]. This action is generated by idy xgy G Aut(VT). By construction p is 
G-equivariant. 

It might happen that Vt is not connected. Let Vt = UiU - ■ •□[/,„, with Ui C Vt 
the connected components. As V = Vt/G is connected, G acts transitively on 
the connected components. As \1/ is dominant, the same holds for p. Note 
that Xt is connected, because it is flat over T and generically isomorphic to 
the L- variety X^. Hence there exists at least one component Ui such that 
p\-Ui is dominant. As G acts transitively on Vt and p is G-equivariant, p\uj is 
dominant for every component Uj . By assumption V is smooth over S, so Vt is 
smooth over T. Hence every component Ui of Vt is normal. So by the universal 
property of normalization there are unique morphism ^Pt \ ui'- Ui — > 3^ such that 
n o \['t \ui~ p\ui- This defines a unique morphism ^Pt on all of Vt such that 
n o \1/t — P- As p and n are G-equivariant, we get 

no [g o vJ/t o (idy x^t)^^) — (idA" x^t) o ?t- o ^'t ° (idy X(7t) ^ 

= (idA- y^gr) °P° (idy ^QtY^ = 

As ^'t is unique with this property, "^t = 9 ° ° (idy 'xgx) ^, i- e. 5't is 
G-equivariant. 

Take any W G (Sch /S), f G V(M^). By the universal property of fiber product, 
there is a unique / e HomT(VF T, Vt) such that / o p^' = Try o /. As 
(idy x^t) o / o (idw x gT)""'^ is a T- morphism with 

/ opvv = vry o (idy x^t) o / o (idw y-gr)'^, 

and / is unique with this properties, / — (idy ygr) ° f ° (idw 'xgT)~^- Set 
^''(/) o /. As is G-equivariant, g o ^'{f) o (id xgr)'^ = *'(/), hence 

^'(/) G Z{W). It is easy to check that this defines a map of functors, so we 
obtain an 5- morphism £ Hom5(V, Z). 

We still need to check that ^' = $ o vj/'. Therefore it suffices to check that for 
all / e V{W), W e (Sch/^) flat, ^'(/) = $ o ^''(/) . Note that the following 
diagram commutes. 




*(*'(/)) 



One observes that <I>(^''(/)) = o / = ^'(/), which we wanted to show. 

We still need to check that Z is unique up to a unique isomorphism with its 
properties. Assume there is a Z' and a morphism $' : 2^' — > A" having the same 
properties as Z and $. So we get unique morphisms a : Z ^ Z' and a' : Z' Z 
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with $00;' = $' and $' o a = $. Note that $ o (a' o a) = $' o a = <I). But idz 
is unique with $ o idz — ^, so a' o a = idz- Similarly one gets a o a' = idz'- 
So a is the unique isomorphism over X of Z and Z' . 

The case that 3^ is a weak Neron model. Assume that (p : y ^ T is 
a weak Neron model of X^. Hence tp is separated, so by [Gro63[ Expose V, 
Proposition 1.5] X is separated over S. As $ is separated, Z ^ S is separated, 
too. Hence to show that -Z — >■ S" is a weak Neron model of X, we still need to 
show that 

Z{S) = HomT{T,yf -> Zk{K) = HomLiSpec{L), Xl)^ = X{K) 

CT|spcc(L) 

is a bijection. This map is injective, because 3^ is a separated T-scheme. Take 
any a' € Zk[K). As 3^ is a weak Neron model of Xl, y{T) ^ Xl{L), so there 
is a cr G HomT{T, y) with cr |gp(jc.(L)= ■ As g^^ maps Spec(L) to itself, we get 
goa ogj,^ |spcc(L)= goer' o g:^^ |spcc(L)= o"' = ct |spoc(L)- As 3^ is a separated 
T-scheme, g o a o g^^ — i.e. a E Z{S). Hence the map Z{S) Zk{K) is 
surjective. 

□ 

In [Edi921 Theorem 4.2] the following statement is proven: 

Theorem. Let L/K be a tame Galois extension, Ol the ring of integers of L, 
T Spec(C'L). Let X be an abelian variety over K. Then there is a good 
Gal{L/K)-action on the Neron model Lp : y ^ T of Xl extending the Galois 
action on Xl, and Z ^ S given by Construction CO] is the Neron model of X . 

Remark 3.2. If we do not assume that (p is smooth in Theorem 13.11 we can 
modify Construction 13.11 bv considering Sm(3^/5'), the smooth locus of y over 
S, instead of y. This is well defined, because the G-action restricts to Sm(3^/ S). 
We will get a smooth model of X with an ^-morphism $ as in Theorem 13.11 
Note that the map $(5) : Z{S) — > ■^('5') will be injective in this case, but in 
general not surjective. Nevertheless, if we assume that the smooth locus of y 
over 5* is a weak Neron model of Xl, the modified Z will be a weak Neron 
model of X. 

Remark 3.3. If we do not assume in Theorem 13.11 that the Galois extension 
L/K is tame, we cannot show that Z is smooth, because then |Edi92[ Proposi- 
tion 3.4] does not hold, see |Edi92[ Example 4.3]. 

4 Local Studies 
4.1 Main Lemma 

Lemma 4.1. Assumption and notation as in Theorem ] 3. li Let y'^ be the fixed 
locus of the G-action on y. Then there is a k-morphism 

b:Zk~^y^ 

such that for every point y € y"^ with residue field K{y) the inverse image of y 
is isomorphic to A™. > as K(y) -schemes for some m G N. 
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Proof. As L/K is a tame Galois extension, G = Z/rli with r prime to char(fc). 
Let the G-action on y be given hy g G Aut(3^), and that on T hy gx & Aut(r). 
By |Edi92[ Proposition 3.1], y^ is a closed subscheme of y. Take any S'-scheme 
W, f € y^{W). Then gTOipof^ipogof = ipof, i.e. (p o f e T^{W) As 
T*-^ = Spec(fc), y'~^ is a closed subscheme of yk C y, so in particular a /c-scheme 
of finite type. 

To construct b, let W E (Sch/A;) be any /c-scheme, w : W ^ Spec(fc) the 
structure map. Recall the construction of Z in Construction 13 . 1 1 Set 

biW) : ZkiW) = KomTiW x s T,yf ^ y^ (W);/ ^ f o 

with iw ■ W ^ W X s T the inclusion of the special fiber. By construction, 
6(T4^)(/) e HomT(W^, 3^). Wehave go foii^ = fo{idw xgT)oiw — foiw- Here 
the first equation holds, because / is G-equivariant, and the second, because the 
action on the special fiber iM/(T/F) C x sT is trivial. Hence 5(iy)(/) G y'^{W). 
It is obvious that b is functorial, so we get the required fc-morphism. 

Let y G y'^ be any point with residue field jy : Spec(K(y)) ^ C y 

be the immersion of the point y. Note that b^^{y) is defined by the following 
cartesian diagram. 

b-Hv) 

□ b 

Spec{K{y)) yG 

Take any affine K(y)-scheme W — Spec(^) G (Sch / ^{y)) with structure map 
oj :W ^ Spec(K(?/)). By the universal property of the fiber product we obtain 

b-\y){W) = {feZkiW)\bof^jyOu} 

As y^ is a subscheme of Z^, ly is a fc-scheme with structure map ip o jy o uj. 
RecaU that G acts on HomT(VF xgT.y) by sending / G HomT(l^ Xg T, y) to 
50/0 {idw xgr)-^. Set R := Ol- Hence = Ok- We have 

W xsT xspoc(fc) Spcc(fc) xsT Xspcc(fe) Spec(fc •SirgR) 
= Spec(A ®fe k[t]/{f)) - Spec(AM/(r)). 

To compute k ®fiG R we use Lemma 17.31 This lemma also implies that 

a:= {lAxgr)* : A[t]l{f) ^ A[t]l{f); p{t) ^ p{fit) 

for a primitive r-th root of unity /i G fc C K{y). Note that 

rv^ ■.= i*:A[t]/{n^A; p{t) ^ p{0). 

One observes that / sends all points in Spec(yl[t]/(t^)) to y G 3^, so it factors 
uniquely through Spec(C'3;^j^). Let / : Oy^y — !• A[t]/{t^) be the corresponding 
morphism of rings. Let m C Oy^y be the maximal ideal. As / o i^y — jy o uj, 
we have that /(m) C (t), and therefore /(m'') C (r) = (0) C A[t]/{V), hence 
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/ also factors uniquely through Spec(C';y_j,/ m'') = Spec{Oy^y/ mp, C Oy,y 
the maxuTial ideal. Therefore / factors uniquely through Spec{Oy^y), i.e. there 
is a unique morphism / : Spec{A[t]/{t^)) Spcc{Oy^y) such that the following 
diagram commutes. 

Spec{dy^y) 

3 

Spec(AM/(r)) J 

Let Ty :— : Oy,y ^(y) be the residue map. Note that j o iy — jy. As 
/ o i^/ = jy o uj, we get that j o / o i-^ — j o iy o uj. The fact that j is a 
monomorphism implies that / o i-^ = iy o lu. 

As y lies in y'^ , there is an induced G-action on Spec{Oy y) given by some 
map g € Aut(Spec(03;^y)) with = id and ay G Aut(C'j;.j,) with — id, 
respectively, such that j is G-equi variant. Hence / — g o f o (idw X5t)^^ 
implies that 

j o{go fo {idw xgry^) ^gojofo {idw ^QtY^ = /• 

As / is unique with this property, g o f o {idw Xffr)^^ = /• 

Assume that / e HomT(Spec(j4[t]/(i'')), Spec(C'j;.j,)) with f o iw = iy o oj, and 

gofo{idwxgT)-^^f. Then/:=jo/GHomT(Spec(A[i]/(r)),3^), and 

go f o {idw xgrY^ ^j°9°f° (idw' xgr)^^ ^ 3 ° f = f 
as well as / o iw = j o iy o uj = jy o uj. Altogether, we obtain 

b-\y){W) = {/ e HoniT(Spec(A[i]/(t'^)),Spec(dj;,P) 

\ f o iw = iy o UJ and 50/0 {idw x<?t) "'^ = /} 
= {a<EllomR{dy,y,A[t]/{n) 

rw o a — uj"^ o Ty and a^^ o ao ay — a}. 

By Lemma Ol 0§ y C Oy^y is a subring which is local, and ry = ry o i^ 

with i'-^ : Oy y ^ Oy^y the inclusion, and : Oy y K{y) the residue map. 
Consider the following diagram. 

(2) 

Oy, 

AG 
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Here a G h~^{y)(W) as described before, pi and p2 are the morphisms we get 
from the definition of tensor product, and iq : A ^ A[t\/{V)] c. Note that 
fw ° io — id, and io o rw \ig(A)= id- One observes that for every u 6 



{a ^ o a){u) = {a ^ o ao ay){u) — a{u). Set a{u) — X]i=o '^i^* some e A. 
Hence o a){u) — X]I=o^ M Comparing coefficients yields a[u) 



ao, 



i. e. a{Oy y) C io{A). Using in addition that 
we obtain 



, o i*^ and rw ° a 



io o w'^ o r. 



V 



iQ o r\iY o ao I 



Hence by the universal property of tensor product there is a unique a such that 
diagram ^ commutes. 

Now, G acts on Oy^y ®fyG n{y) given by cty 6 Kvii{(Dy^y ®fyG i^{y))^ such that 
' y ,y ' y ,v 

pi and p2 are G-equi variant, see Lemma 17.31 As o a o ay = a, we get 

{a'^^ o a o ay) o pi ~ a^^ o a o pi o ay — a 
and, using that G acts trivially on io(^), we obtain 



(a ^ o a o ciy) o p2 ~ a ^ o ao p2 



—1 ■ # 

a o o Lu^ 



iQ o UJ'' 



As a is unique with these properties, a^^ o a o ay — a. 

Denote by f : fe R = fc[t]/(r) A®kk ^^g R = the canonical 

map given by the properties of the tensor product. We have f{t) = t. The 
_R-structure of A[t\/{t'^) is given by fop^, with pn : R fc^^G R the canonical 
map. The i?-structure of Oy^y is given by (3y := {(poj)"^ . As a is an i?-morphism, 
we obtain the following commutative diagram. 



(3) 




A[t]/{t 



By Lemma ES R^ C R is a local subring having the same residue field as R. 
Let be the residue map, the inclusion. As f3y is G-equi variant, it maps 
i?*^ to Oy y Let ifc : fc I— > K{y) be the inclusion of the residue fields. Consider 
the following diagram. 



niy) Oy 
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It is clear that o /3,y \ j^g — Py o i'^. As y lies in the special fiber oi y ^ T, 
Ty o /3y \i^G= ik ° Tb.- definition, P2 ° fy — pi ° iy ■ Altogether we have 

P2 ° ik ° r% ^ Pi ° Py ° ifl- 

Hence the universal property of tensor product induces a unique /c-morphism 
j3y with l3y o pfj = pi o l3y. Loolclug at diagram ([3]) again, we get 

r o PR — a o Py — a o pi o f3y — d o f3y o p^. 

As PR is surjective, f = a o /3y, i.e. a preserves the /c[i]/(t'')-structure on 
Oy^y K,{y) given by /3j,, and on A[t]/{V) given by f. 

Using the universal property of the tensor product, and that Vy o i'^ = Vy , we 
get a unique morphism fy : Oy^y ®ag K{y) — > K{y), such that fyopi= Ty and 
f^y ° P2 = id. Using that rw o a = cj"^ o Vy, we get 

{rw o a) o pi — rw ° a and (a;* o fy) o pi = uj"^ ° fy = ° a, 
{r\\r o a) o p2 — r\Y o o uj'^ — uj'^ and (w* o fy) o p2 — uj"^ . 

Moreover, rw o a o — rw o o ^^"^ o = oj"^ o r^, hence by the universal 

property of tensor product there is a unique morphism v : Oy_y (E)qg n{y) — > A 

such that V o pi — rw ° a and v o p2 — oj"^ , in particular rw o d = v = oj"^ o fy^ 
meaning that a is a K(y)-morphism. 

Note that for a given morphism d E Ilomk[t]/(v){Oy,y K{y), A[t]/{t^)), 

y ,y 

a:— d o Pi e Homii{Oy^y, A[t]/{t^)). If a^^ o d o cty ~ d, then 
a"^ o a o Uy — o d o ay o pi — d o pi — a. 
If we assume furthermore that rw ^ d — lo"^ ° ^y? then 

rw o a — rw o a o — cj* o fy o pi = uj"^ o ry. 

So altogether 

b-\y){w) ^{de iiomk[tmtniOy,y ®ag,„ ^{y),A[t]/{n) 

\ d o p2 = iQ o uj"^ and rw o d = lo"^ o fy and a^^ o d o ay ~ d} . 

Note that a o p2 = *o ° '^'^ is actually redundant. 
By LemmaOl Oy^y K{y) = K{y)[xa, . . . , Xm]/^, 

y ,y 

ay{p{xQ, Xm)) = pip.^°Xo, . . . , p'^"'Xm) 

for p(a;o, . • . , Xm) G K(2;)[a:o, • . • , p k C K{y) again a primitive r-th root 

of unity, £i S {l,...,r — 1}, m G N, and Oi C K{y)[xQ,xi, . . . ,Xm] is the ideal 
generated by monomials of the form x^" . . . x^ such that £oSq + - ■ ■+£mSm = fs, 
s G N. We now want to show that we can assume that xq = /3y{t). By Lemma[7jT] 
there is a local parameter t' Q R with g^{t') = pt\ /i G i? a primitive r- 
th root of unity. Looking at the proof of Lemma 17.31 we may assume that 
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PR{t') = t, i-S- /3y(i) = I3y o pu{t') = pi o (3y{t'). So looking again at the proof 
of Lemma 17.31 it suffices to find a regular system of parameters yo, - ■ ■ ,ym' in 
Oy^y with ay{yi) = n^'y^, £i € {0, . . . ,r - 1}, Iq ^ 0, and yo = I3y{t') =: i. 
Note that ay{i) — Py{gx{t')) = l^i. Hence using Lemma mi it suffices to show 
that i & my, and t ^ mod for the maximal ideal my C Oy^y. As y lies 
in C ^fc, i e my. Let U = Spec(C) C be an affine neighborhood of 
y, p C C the defining prime ideal of y. Choose a maximal ideal m C C with 
p C m, let y' be the corresponding closed point. By |Gro67[ Proposition 17.5.3], 
Oy^y' = . . . ,y„] as i?-module. So i 7^ e Oyy/m'^ = Oyy/m'^. As 

p CmJ ^ e Oy.y,/Oy^y.p^. As C'j;,y'/Cj',a'P^ C Oj^.y/m^ ^ Oj^.y/m^ as 
i?- modules, we have t ^ Q mod m^. This is what we wanted to show, so we 
may assume that Py is the fc-morphism sending t G k[t]/{V) to a;o. 

Now chose any a G b^^ {y){W) . For j £ {1, . . . , m} we have 

i=0 

for some S A. Using rw ° a — uj"^ o fy, we obtain 
From o d o a ~ d we get 

r— 1 r— 1 

/x^^~*aiji* = (Q! "'^ ° o o ay)(a;j) = a,{xj) — ^^Ciji*. 

i=l i=l 

Comparing coefficients yields to either = 0, or = 1. As i and ii 

lie in { 1 , . . . , r — 1 } , the latter is equivalent to i = . As d preserves the 

fc[i]/(i''')-structure, i.e. do j3y — f, we get that a(xo) ~ t. So using that a is a 
K(?/)-morphism, i. e. that d o p2 = ia o we get that 

(4) d{p{xo,xi,...,x„i)) =p{t,ait^\...,a„it^"') 

for all p{xo,xi, . . . , Xm) G i^(y)[xQ, xi, . . . Xm]/^, and for some £ A. 

Let d : K{y)[xo,xi, . . . ,Xm] — > A[t]/{t'^) be defined by formula dH). For any 

generator Xq° xl^ . . . xf^ of 3 

dix'o^xl' . . = = = £ .4[t]/(r). 

This implies that 3 C ker{d). Therefore, we get a unique well-defined map 

d : K{y)[xo,xi,. . . ,x,„]/J 

Note that a is a K(i/)-morphism, and preserves the fc[t]/(t'')-structure, and for 
all p{xo,xi, . . . ,Xr,r) £ K{y)[xo, xi, . . . Xm]/^ we have 

o do ay{p{xo,xi, . . . ,Xm)) = o d{p{p,xo, n^^xi, . . . , p.^'^Xm)) 

= a^^{p{pt, aip^H^\. . . ,a„^^'"i^")) 

= p{p'-H,a,p'^-'H'-,...,a^mp'--'-t'-) 

= d{p{xo,Xi, . . .,Xrn)), 

rw ° d{p{xo,xi, . . .,Xm)) = rw{p{pt,ait^\. . .,aynt^'^)) 

= p(0, . . . ,Q) = w* o fy{p{xo,xi,. . .,Xm))- 
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So a ^ o a o oiy ^ d, and rw o a = w# o fy. Altogether, a E b ^(y){W) if and 
only if it is given by formula (H)) . 

Now we are ready to construct a K(y)-isomorpliism /3 : b^^{y) — > -'^"(j,)- There- 
fore it suffices to give bijective, functorial maps 

P{W) : b~\y){W) -> A':^y^{W) = Hom,(,)(K(2/)[yi, ...,y^],A) 

for all affine W — Spec(yl) G (Sch /«(?/)). Let (3{W) be the map which sends 
a e 6~i(W^) given by formula Q to a' G A]^^y~^{W) with 

a' ■ i^{y)[yi,---,ym] A;p(yi,...,y,„) i-^ p(ai, . . . , a,„). 

This map is bijective, because there is an obvious inverse map. It is easy to 
check that it is functorial. □ 

Remark 4.2. If we do not assume that the Galois extension L/K is tame, 
then we cannot show Lemma 14.11 This is because Lemma 17.11 is wrong in this 
case, see Example 1 7. 2 1 and hence we cannot show Lemma l7.3l which is the main 
ingridient of the proof of Lemma |4. II It would be very interesting to know what 
happens in the non-tame case. 

Remark 4.3. Note that if we do not assume that fc = fc, but that L over K is 
totally ramified, and that k contains all r-th primitive roots of unity, one can 
still show Lemma mU 



4.2 Sections of the Quotient 

Corollary 4.4. Assumptions and notation as in Theorem lS. 11 Then X{Ok) = 
if and only if y'^ =0. If y ^ S is a weak Neron model of X^, then X{K) = 
if and only if y^ = 0. 

Proof By Theorem O X{Ok) = Z{Ok)- As Z ^ S is smooth and Ok 
is Hensehan, Z{Ok) = if and only if Zfc(fc) = by |BLR90 . Chapter 2.3, 
Proposition 5]. As fc is algebraically closed this is equivalent to Zk = 0. By 
Lemma [4.11 there is a surjective morphism b : Zk ^ y'~^, so Zk — if and only 
if 3^^ = 0. 

If y — > T is a weak Neron model of , Z — > 5 is a weak Neron model of X 
by Theorem 13. 1[ i.e. in particular Z{Ok) — X{K), which implies the second 
claim. □ 

Now we show one direction of the equivalence in Corollarv 14.41 without using Z, 
because this alternative proof yields an explicit construction of a section of the 
model X ^ S through the image of a fixed point. 

Proposition 4.5. Assumptions and notation as in Theorem[Jj\ Ify^^9, 
then X{Ok) + 0- 

Proof. As 3^*^ 0, there is a closed fixed point y G y. Note that G acts 
on Spec(C'3;_j,) given by some ay G Aut{Oy,y) with ay = id, such that the 

natural map j : Spec(C'j;,j,) — >■ 3^ is G-equivariant. As L/K is a, tame Galois 
extension, G is a cyclic group of order prime to char(fc), so by Lemma |7.1[ G 
acts on R := Ol given by some an G Aut(i?) sending a generator t of the 
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maximal ideal in R to fit, with /i G i? a primitive r-th root of unity. Note 
that Oy,y is an i?-module via (3y :— {(p o j)'^ , and (3y is G-equivariant. As ip is 
smooth, and the residue field of R is equal to the residue field of Oy^y, jGro67l 
Proposition 17.5.3] implies that Oy,y = . . . , i„| as i?-module for some 

xi, . . . ,Xn € Oy^y. Note that xi, . . . , i„ form a regular system of parameters 
of Oy,y As ay{t) = anit) = fi^t, by Lemma (7. II we may choose a system of 
parameters xq, . . . ,Xn with ay{xi) = n^'Xi for some £i G N, such that xq — t. 
So Oy^y = Rfxi, . . . , i„] = Rfxi, . . . , Xn] as i?-modules. Let / C Oy^y be the 
ideal generated by xi, . . . , a;„. Note that ay (I) C /. So the quotient map 

a : dy^y dy.y/I = R{xi,...,Xn}/{xi,...,Xn) = i? 

is a G-equivariant retraction of fiy. Therefore a'^ is a section of (y9 o j, and 
(J := j o (T# is a section of ip. As both a and j are G-equivariant, the same holds 
for cr. 

Let the G- action on T be given by gr £ Aut(r), that on 3^ by 5 G Aut(3^). Let 
TT : y ^ X and ttt ■ T ^ S he the quotients. Let (pa '■ X ^ S he the structure 
map of X as S'-scheme. Every element in X{Ok) is given by a section of lySg. 
As a is G-invariant and tt is a quotient map, noaogq^ — 'Kogoa = 'KO(j. 
So by the universal property of the quotient ttt : T — ^ 5*, there exists a unique 
(jQ : S X such that tt o cr = ctg o tt^. Furthermore, 

fG ° O'G ° ""T = t^G o TT o cr = TTy o tp o a — TTt o ic^T = ""T- 

As TTt is an epimorphism, pQ o erg = ids, i-C ctg is a section of pQ. □ 

Note that the image of a closed fixed point y e Sm(3^/T)'-^ in A" is a singular 
point in general, so in fact we construct sections through singular points. Here 
is an example for such a section through a singular point. 

Example 4.6. Assumptions and notation as in Example 12.71 The closed point 
Q = (0, 0) e ^kftj fixed, and the fc|s]-scheme 

Aipj/G-Spec(fcH[6,c]/(sc-52)) 

is singular in the image Q' = (0,0,0) of Q under the quotient map. The proof 
of Proposition 14.51 implies that there is a section ac of A^j^j/G Spec(/c|s]) 
through Q' . Such a section is for example given by 

Note that the G-equivariant section a of A^^j — > Spec(fc|t]) which descends to 
CTG is given by a*{P(t,x)) = P{t,0). 

5 Motivic Invariants 

5.1 Motivic Serre Invariant 

Definition 5.1. The Grothendieck group of k-varieties KQ{Va,Tk) is defined to 
be the abelian group with 
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• generators: isomorphism classes [U] of separated fc-schemes U of finite 
type 

• relations: [U] — [U \ V] + [V] for every closed immersion V ^ U {scissor 
relations) 

The product [U][V] [U 

^Spec(fc) ^] defines a ring structure on i^rQ(Var/^). ^Ve 
call this ring the Grothendieck ring of k-varieties. 
Set L:= [Al]. 

The modified Grothendieck ring of k-varieties K™°'^(Va.rk) is the quotient of 
ifo(Varfe) by the ideal generated by elements 

[U] - [V] 

where U and V are separated fc-schemes of finite type such that there exists a 
finite, surjective, purely inseparable fc-morphism U V. 
Set again L:= [Aj,]. 



i^o''"(Varfe):= 



-ftro(Varfc) if Ok has equal characteristic 
K™°'^(Va,Tk) if Ok has mixed characteristic 



Definition 5.2. Let X be a smooth iiT-variety with weak Neron model X S. 
Then the motivic Serre invariant S{X) is defined by 

S{X):= [Xk] e i^o°"(Varfc)/(L - f). 

By |NSllai Proposition-Definition 3.6] this definition does not depend on the 
choice of a weak Neron model. 

Remark 5.1. Let X be a smooth, separated if- variety without i^T-rational 
point. Then S{X) — 0. This holds, because in this case X viewed as an S*- 
scheme is a weak Neron model of X, i. e. the special fiber of this weak Neron 
model is empty. Hence if S{X) ^ 0, then X has a if -rational point. 

Theorem 5.2. Let X he a smooth, proper K-variety. Let L/K be a tame 
Galois extension, Ol the ring of integers of L, T :— Spec(C'i). Let ip : y ^ T 
be a weak Neron model of Xl with a good G :— GaX{L / K)- action extending the 
Galois action on Xl ■ Then 

S{X) = [3^«] e ifo°-(Varfc)/(L - f). 

Proof. By Theorem 13. II we know that Z — > S* as constructed in Construction [XT] 
is a weak Neron model of X. Hence by definition S{X) equals to the class of 
the special fiber Zk in Kq'^ (Varfe)/ (L — f ), and it suffices to show the following 
statement: 

[Zk] = [3^^] eiCo°"(Varfc)/(L-f) 

As iir^^'(Varfc)/(L — f ) is a quotient of KoiYaik) / — f), it suffices to show 
the equation in ifo(Varfe)/(L — f). 

Consider b : Zk y'^ as in Lemma WJ\ Take any closed subscheme V C y'^ , 
and choose any open subscheme U C V, which is affine, irreducible and has 
the generic point ry with residue field K{rj). Lemma 14. f I implies that b~^{rj) = 
^^{■n) 't('7)-schemes for some m G N. Thus there exist an open subscheme 
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U' CU CV, such that b-^{U') ^ A™, . Now we can find Ui C such that 
:^UiU---UUm,U^cy^\ (rij^iUj) is open, and b-^(U^) ^ A™; for some 
rrii g N, by proceeding in the following way. As we have seen above we have 
Ui C y'^ open with b^^{Ui) = A™.^ for some mi G N. Suppose we already 
constructed Ui. Then Vi :— y'-^ \ ^j<iUj is closed in y'^ , and as before we get 
UiJ^i C Vi open such that &~^(C/i+i) = ^l^l for some rrii+i G N. As 3^*^ is of 
finite type over k this process has to terminate. 
Note that 

[A™-] = [kl xspec(fc) • • • xspe,(fe) A^] = L™' = l™' = 1 G ifo(Varfc)/(L - 1). 
This implies that 

[h-\U{)] = [Kl!^ xspec(fe) U,] = [A™'][C/,] = [[/,] G Ko{Vark)/{l. - 1). 

Note that as Ui C 3^''\(nj<i[/j) = ^j>iUj is open, we get that b^^{Ui) is open in 
b^^{r\j>iUj) — nj>ib^^{Uj). So using the scissor relations in the Grothendieck 
ring of fc-varieties we get in Ko{Vaik) /{^ — 1) that 

[Zk] = [b-^y"")] = [b-\Ui) u • . • u b-\Ura)] 

= [b-\Ui)] + [b-\U2) u . • . u 6-i(c/„0] = . ■ . 

m m 

^J2ib-\U,)]^Y.iU.^ 

4=1 1 = 1 

= [C/i] + ■ • ■ + [CX,„_2] + [C/m-i U J7™] = . . . 

= [C/i u • . • u = [3^«]. 

This proves Theorem 15.21 □ 

5.2 Rational Volume 

Fact. [NSllbi Example 4.3 and Corollary 4.14] 

There exists a unique ring morphism (realization morphism) 

Xc:ifo''"(Varfe)/(L-l)^Z 

that sends a class of a separated /c-scheme U of finite type to the Euler charac- 
teristic with proper support 

Xc(C/) =^(-l)'dimi?:([/,QO, 

i>0 

with / 7^ char(fc) a prime. The map does not depend on the choice of I. 

Definition 5.3. Let X be a smooth if-variety with weak Neron model. Then 
the rational volume of X is defined by 

Remark 5.3. Let X be a smooth ii'-variety without A'-rational point. Then 
s{X) — 0. This holds, because by Remark 15. 1[ S{X) — 0, so in particular 
s{X) = Xc{S{X)) = 0. Hence if s{X) ^ 0, then X has a if-rational point. 
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Theorem 5.4. Let X be a smooth, proper K-variety, and let L/K he a tame 
Galois extension, such that G:= Ga^L/X) is a q-group, q ^ char(fc) a prime. 
Then 

s{Xl) = s{X) mod q. 
In particular, if s{Xl) does not vanish modulo q, then X has a K -rational point. 

Proof. Let Ol be the ring of integers of L, T := Spec(OL)- By Theorem 12.91 
there is a weak Neron model (/? : 3^ T of Xl with a good G-action on y, 
extending the Galois action on X^. Hence Theorem 15.21 implies that 

S{X) = [3^«] e Xo°--(Varfc)/(L - 1). 

As Xl C 3^ is G-invariant, the same holds for yt, so the action of G on J' 
restricts to 3^^. By |EN11[ Proposition 5.4], for every variety U over a field F 
with a good G-action, Xc{U) = Xc{U'^) mod q. This Proposition is based on 
an argument in (SerOQl Section 7.2]. In our case we get 

Xc{yk) ^ XciVk) niodq. 

As y'-^ C 3^fc, see the proof of Lemma [4.11 y'-^ — y^ . As 3^ is a weak Neron 
model of Xl, by definition S{Xl) = [yk] e K^'^{Ya.Tk). So altogether we 
obtain 

s{Xl) = Xc{S{Xl)) = Xc{yk) = Xciy"") mod q 

^Xc{S{X)) modg 
~ s{X) mod q. 

Assume now that s{Xl) ^ mod q. This implies that siX) ^ 0. But the 
rational volume of a smooth X-variety without if-rational point vanishes, see 
Remark 15.31 hence X has a if-rational point. □ 

6 Rational Points on Certain Varieties with Po- 
tential Good Reduction 

Definition 6.1. A smooth, proper ii"- variety X has potential good reduction 
{after a base change of order r) if there exists a Galois extension L/K (of 
degree r), such that X^ has a smooth and proper model. 

Corollary 6.1. Let X be a smooth, proper K-variety, which has potential good 
reduction after a base change of order q^ , q ^ char{k) a prime. Then 

xiX) := J2(^^y dimH^XKs , Qi) = mod q 

i>0 

with K^ a separable closure of K , I ^ char(fc) a prime. In particular, if x{X) 
does not vanish modulo q, then X has a K -rational point. 

Proof. Let L/K he the field extension of degree q^ , such that there is a smooth 
and proper model of Xl- Let Ol be the ring of integers of L, T := Spec(C'i), 
and ip : y ^ T a smooth and proper model of Xl, which is in particular a weak 
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Neron model of Xl- So by definition s{Xl) — Xc{yk)- As f is proper, yk is 
proper over k, and hence tlie ordinary cohomology coincides with the cohomol- 
ogy with proper support, i.e. Xc(3^fc) — x(3^fc)- As ip is proper and smooth, by 
|Del77l Expose V, Theorem 3.1] we get bijections between W{yk,lj/n'L), and 
H^iy.'L/n'L), and W{Xl Xspcc(L) Spec(L*), Z/nZ) for all i, with a separable 
closure of L. Therefore we have for all i that 

dimW{yk,Qi)=dimW{XL Xspcc(L) L'.Qi)- 

Note that L'^ = K", because L/K is a tame Galois extension. Therefore we get 
Xl Xspec(L) Spec(L'') = X Xspec(K) Spec(i4:^) = Xk', hence 

xiX) - ^(-l)Mimi/^(XK.,QO = ^(-l)Mimi/Xyfc,Q;) = x(Jfe). 

i>0 i>0 

This implies that s{Xl) — x(X). Hence Theorem 15 .41 implies the corollary. □ 

Corollary 6.2. Let X be a smooth, proper K-variety, let L/K he a tame Galois 
extension of prime order q, and assume that there is a smooth and proper model 
of Xl with a good G := GsX{L / K)- action extending the Galois action on X^, 
i.e. in particular X has potential good reduction after a base change of order r. 
If xiX, Ox) does not vanish modulo q, then X has a I'C -rational point. 

Proof Let Ol be the ring of integers of L, T Spec(C'L). Let : ^ T be 
the smooth and proper model of Xl on which there is a good G-action extending 
the Galois action on X^. As Xl C 3^ is G-invariant, the same holds for yk C y, 
hence the G-action on y restricts to a good G-action on yk. Let f : yk yk/G 
be the quotient. 

Assume that the action of G on 3^ has no fixed point, so in particular the 
action of G on yk has no fixed point. As g is a prime, the action is free. So 
/ is a finite, etale morphism of degree q by |Gro63[ Expose V, Corollaire 2.3]. 
Moreover yk is smooth and proper over k, because (p is smooth and proper. 
As / is etale and finite, yk/G is smooth and proper over k, too. As / is etale, 
f*{TyjG) = Ty^. and therefore /*(td(T3;,/G)) = tA{Ty^). Let s : ^fc ^ Spec(fc) 
and s' : yk/G — ?• Spec(fc) be the structure maps. We have s = s' o f. Using 
|Ful981 Corollary 15.2.2], and the projection formula in the third line, we obtain 

X{yk,Oy,) ^ S.{ch{Oy,)td{Ty,)) 

= s'M4cHOy,)f*itdiTy^/Gm 
= s'M4cHOy,))td{Ty^/G)) 

= s:(deg(/) Ch{0y,/G) td{Ty^/G)) = q Xiyk/G, Oy,/G). 

This implies that x(J'fe, Oy^) = mod q. 

Note that H'{XL,Oxr^) = H'{Xl,Ox ® k L) = W {X, Ox) ®k L holds for aU 
i > 0. The second equation follows from |Mum08[ Chapter 5, Corollary 5]. So 
in particular x(Xi,C'xi) — xi^i^x)- As tp is smooth and proper, and T is 
connected, by |Gro61[ Theorem 7.9.4.1] the Euler characteristic is constant on 
the fibers of (p, hence xiyk^Oy^) = xi^L, Oxl), which does not vanish modulo 
q. This is a contradiction, hence y^ ^ 0. So CoroUarv 14.41 implies that X has 
a iiT-rational point. □ 
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7 Appendix 



In this section we show two lemma concerning tame cyclic actions on complete, 
regular, local rings. These results are used in Section |31 

The following lemma should be known to the experts; a similar statement can 
be found in |Ser68| . There it is only proven for the case of equal characteristic. 
We could not find a reference covering the topic in full generality. 

Lemma 7.1. Let A be a regular, complete local ring of dimension n with max- 
imal ideal xn, such that its residue field k is a field of char(K) \ r containing all 
r-th roots of unity, and let a G Aut(A) with d!" = id, such that the residual map 
on K is trivial. 

There exists a regular system of parameters Xi,...,Xn G in C A, such that 
a{xi) = jJ'^Xi, with ^ A a primitive r-th root of unity, and £i G {0, . . . , r — 1}. 
// there are zi, . . . ,Zs G m C A, such that the zi, . . . ,Zs G m/m^ are linearly 
independent, and such that a{zi) — f/^Zi for some li G {0, . . . ,r — 1}, then we 
may chose Xi — Zi for i < s. 

Proof. Complete local rings are Henselian, i. e. Hensel's Lemma holds for A, see 
[Eis95[ Theorem 7.3]. Consider the polynomial p{x) x'" — 1 G A[x]. Let fi G k 
be an r-th root of unity, hence p{^) = G k. = r/z'"~^ 7^ G k, because 

r 7^ G K. So Hensel's Lemma gives us a /2 G A, such that p- = fJ. mod m, and 
= 0, i. e. fi is a lift of /i, and jl'' — 1. So we may fix a primitive r-th root of 
unity ^ € A. Identify with its image in k under the residue map. 
As a G Aut{A), and A is a local ring, a{m) — m. So for every Z G N we get a 
morphism a : A/m^ — ^ A/m^ such that a(m/m') = m/m', and a'' — id. 
First, we prove by induction on I that there exist £1,. . . ,£n G N, such that for 
all / > 2 there exist xi^i, . . . ,Xn,i G m/m' with a{xij) — ^/^Xi,i identified 
with its image in A/m'), Xi,i — mod m', Xi,i — Zi mod m' for i < s, and 

{xi^2, ■ ■ ■ , Xn,2} is a basis of m/m^. 

Start with 1 = 2. As A is a regular local ring of dimension n with residue field k, 
m/m^ is an n-dimensional K-vector space. As the morphism on A/m = k induced 
by a is trivial, a : m/m^ — )■ m/m^ is a K-linear map. For some algebraic closure 
R of K, there exists a basis of m/m^ ^kK, such that the matrix corresponding to 
a has Jordan normal form. As = id, all eigenvalues are r-th roots of unity, 
i. e. powers of /i, and as r 7^ G k C k, the matrix is already diagonal. But all r- 
th roots of unity are assumed to be in k, so a : m/m^ m/vn^ is diagonalizable, 
too. Therefore m/m^ decomposes into eigenspaces Ej. By assumption, for all i 
there exists a j such that Zi G Ej . Note that for all j one can choose a basis Bj 
of Ej such that for all i, Zi € UBj. This uses the fact that the Zi are linearly 
independent. Set Xi,2 = Zi for i < s, {xs+1.2, ■ ■ ■ Xn,2} Ui?j\{zi, . . . , z^}. As 
the Ej are eigenspaces, we have a.{xi,2) = /i''a;i_2 for some G {0, . . . , Z — 1}. 
Now assume that for all j G {2, . . . , Z — 1} there exist xi,j, . . . , x„j- G m/xn' with 
Xij^i = Xij mod m^^^, Xij ~ Zi mod m-', a{xi^j) = fi^^Xij, and that the 
Xi^2 form a basis of m/m^. 

Choose yi,...,yn G m/m' such that yi mod m'^^ = Xij^i. We may choose 
yi = Zi G m'^^/m' for z < s. Look at a : m/m' — > m/m'. By assumption 
a{yi) — n^'yi G m'^Ym'. Note that m'^Ym' is a k- vector space generated by 
yl^ . . . y*", si-\- . . .-\- Sn — l — 1, and the V . . y^" do not depend on the choice 
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of the Ui. So we get 

siH \-s„=l-l 

for follows. 

Xi,i :=yi+ ^ ai,si...s„2/r ■■■Vn" ^ Wi"' 

SlH |-Sn='-1 



with 



/(x^* = . . . /x^"" 



Note that if 7^ /z^* — 1/^^'^ . . . n^"^" , then n^* — 1/^^'^ . . . n^^^" is invertible in 

K, and hence the 0^ ,5^.. ,5^^ are well defined. Moreover Xi^i mod m'~"^ = Xi^i-\, 
because j/j — Xi^i G tn'~Ytn'. Note furthermore that 

r 

SlH |-Sn=' — 1 fc=l 

As a'' = id, we have that a^{yi) = yi- Moreover /x^*'" = 1. Comparing coefB- 
cients yields for all si + • • • + s„ = / — 1 that 



fe=l 

In the case that fi^^ = ^/^^^ . . . ^^^^^ we get 

r 

fe=i 

As r 7^ and {n^'Y^^ ^ 0, we obtain that ai^si...s„ = in this case. Here we 
use again our assumption on the characteristic of k. We obtain 

= J ;:t::::::::::::> ........ /^t^m^-.../-- 

Hence in m'~Ym' we get that 

= a{xi)- n^'Xi + a{ E •■ E ^hsi-s^yi ■ ■ -ytT) 

S\-\ \-8n=l—^ S\-\ \-Sn=l — ^ 

siH l-s„=( — 1 siH |-s„=( — 1 

= 0. 
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As a{zi) — fJ'^Zi — 0, we have that Xi^i = Zi mod m' for i < s. So the Xij have 
the required properties, and the proof of the claim follows by induction. 
As A is a complete local ring, 

A = A= {{ai,a2, • ■ • ) ^Z"^"' I %+i = "^T^od m^} 

j 

and a maps (ai,a2,...) to (a(ai), 0(02), . . . ). Set Xi := (0, Xi,2, x^.s, . . . ) for 
i € {1, . . . , n}. One observes that Xi € A, because Xij — Xij+i mod m', and 
Xij G A/m^. Moreover, 

a{xi) = (a(0), a{xi^2),a{xi^3), . . . ) = (0, ^J.^'x^,2, ^J.^'Xi^3, ■■■) = fJ-^'xi. 

Note that the Xi mod = ^ form a basis of m/m^, i. e. the are a regular 
system of parameters. By construction, Xi = Zi for i < s. □ 

If we do not assume that r is prime to char(K), Lemma 17.11 is wrong. To see 
this, look at the following example: 

Example 7.2. Let k be an algebraically closed field with char(K) = 2. Then 
A:= Klx,yJ is a complete local ring with maximal ideal m = {x,y) C A. Let 
a e Aut(A) with a{P{x,y)) = P{x,x + y) for all P{x,y) G A. We have that 
a'^{P{x, y)) — P{x, 2x + y) — P{x, y), because char(K) = 2, hence — id. Note 
that a : m / — s> m / is not diagonalizable. 

Let A be a ring, a G Aut(A) with — id. Then a defines an action of 
G := Z/rZ on A, and 

A^:^ {ae A \ a{a) = a} 

is the ring of invariants. Here is a technical lemma concerning this rings of 
invariants. 

Lemma 7.3. Let A be as in Lemma \7.1\ Then AP C A is a suhring, which is 
local and has the same residue field as A. Moreover, G := Ijr'L acts on k®j^gA 
given by id Cg>a € Aut(K(g)^Gyl), such that the canonical maps pi : A K(g)^G A 
and p2 '. K K (E)^G A are G-equivariant for this G-action, and the given G- 
action on A, and the trivial G-action on k, respectively. 
In addition, k /Sij^gA = k[xi, . . . , a;m]/3, m < n, and 

(id®a)(p(xi, . . . , Xm)) = p{n^°xi, ^^"x^) 

for some ^iG{l,...,r — 1}, p{xi, . . . , Xm) G n (g)^G A, fi E k a primitive r-th 
root of unity, and 3 C k[xi, . . . ,Xm] is the ideal generated by monomials of the 
form xl^ . . . xf;{' with si£i + • • • + Sm^m = sr, s G N. 

Proof. Take any 01,02 G A^. As a is a ring homomorphism, we have that 
a(aia2) = a(ai)Q!(a2) = 0102, i. e. 0102 G A'~^. Moreover a(0) = and a(l) = 1, 
i. e. 0, 1 G A'^. So A'^ is a subring of A. Note that m'^ := mPiA'^ is an ideal in 
A'^. Take any a G A'^\m'^. Then a G A\tn, so there is a unique b G A such 
that ab = 1. As a G A*^ , we get that aa{b) = a{a)a{b) — a{ab) — a(l) — 1. So 
a{b) — b, i. c. b E A'^ , and a is invertible in A*^. So m*^ C A*^ is maximal, and 
every proper ideal a C A^ is contained in m*^. Therefore A'^ is a local ring. Let 
k' be the residue field of A'~^ . We have 

k' = A^/m^ = A^/mtlA^ ^ A/m = k. 
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With a proof similar to the proof of Lemma 17.11 we can show that there exists 
a hft s € A oi s G K such that a{s) — s, i. e. s € A'^, and hence k' — k. 
Now set A:= k(8)^gA. Let : AP ^ A be the inclusion, and r*^ : A'^ k the 
residue map. A is defined by the following cocartesian diagram: 




Ks p2 ° t'^ — pi o i'^ = pi o a o i*^, we get a unique (idc>>)a) : A ^ A with 
(id (E>a) o p2 = P2 and (id (E>a) o pi = pi o a. Moreover, (id (^aY ° P2 = P2 
and (id (>^aY o pi ~ pi o = pi^ and as id^ is the unique morphism with these 
properties, (id (S^aY ~ id^. So the required action of G on A is given by (id ®a). 
Note that (id®a)(g ® a) — q (E) a{a) for g e k, a e A, because pi and p2 are 
G-equi variant. 

Now consider pi : A ^ A; a H> 1 ® a. Take any s G k and a E A. As above we 
can chose a lift s e A'~^ of s. Hence we get pi{sa) = 1 (g) sa = s (g) a, hence pi is 
surjective. Note that = pi(a) = ICEJa for some a S A if and only if we can write 
a = aia2 for some ai e A'^, 02 G A, and r^{ai) — 0, i.e. ai G m'^:= mnA*^. 
This implies that ker(pi) = AnY^. 

By Lemma 17.11 there exists a system of parameters yi, . . . ,y„ G A such that 
ct(yi) = i^^'Ui, G {0, . • . , r}, p £ A a primitive r-th root of unity, which is a 
lift of /i G At. So >lm'^ C A is the ideal generated by monomials of the form 

yY ■ ■ ■ vtr '^ith s^^^ H h s„^„ = sr, s G N. As m"'' is generated by monomials 

of degree nr in the yi, all generators are divisible by yl for at least one i. Note 
that for ah i, yl & m^- Hence m"'' C Axn'^. 

Set N := nr. So A = k (8)^g (y4/Tn^). We show by induction that this is 
generated as a K-algebra by the images of the yi. The induction assumption is 
clear, because in this case k (8)^g {A/m^) = n. Assume that k (g)^G (A/m') is 
generated as a K-algebra by the images of the yi. Let Ai+i be the subalgebra 
of K (8)^G (A/m'"'"^) generated by the images of the yi. Take any element 1 ® a 
in K {A/xY'^^). By induction assumption there is an o G yl/m'+^, such 
that o — a G vY /xY^^ , and 1 (g) a G Note that m' / vY^^ is a k- vector 

space generated by monomials of degree I in the yi. So 1 (a — a) G A/+i, 
and therefore the same holds for 1 ^ a — 1 ® a + 1 (g (a — a). Altogether, A is 
generated as a K-algebra by the images of the yi . 

Let xi,. . . ,Xm be the images of those yi with £i Y 0- Note that, if £i — 0, 
yi G m*^ C ker(pi), i.e. pi{yi) — 0. Hence the Xi generate A as a K-algebra. 
Renumbering the yi, we may assume that pi{yi) = Xi. We have 

{id®a){xr) = {id®a){l ®yi) = 1 (g) a{yY = l®iY'y., = /'a;,. 

Moreover, using ker(pi) = AvY^ , we obtain that 

A = ^[Xi, . . .,Xm\P 

with 3 generated by xY ■ ■ ■ with siii + • • • + Sm£„i = sr, s G N. As 
{id®a) is a K-morphism, (id 0a)(p(a;i, . . . , Xm)) = p{p^^xi, . . . , p^^^Xm) with 
£i G {1, . . . ,r} for p(xi, . . . G A. □ 



33 



Remark 7.4. Note that if A is of mixed characteristic, it is not a K-algcbra, 
but A (gj^G K is. As we tensor over A*^, we keep the information concerning the 
G-action on A. 
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